
Probability Theory
µX,Y (C)

joint dist. measure

=
∫∞
−∞

∫∞
−∞ IC(x, y)fX,Y (x, y)

Joint dist.

dxdy Ex:

X = Y ∼ Unif [0, 1]⇝ (X,Y ) has no joint den. func.
Marginal dist. measures µX(A) = µX×Y (A× R)
Indp. ⇐⇒ j dist. mea. f ⇐⇒ j cum. dist fncs f ⇐⇒ mgf
functions f ⇐⇒ if j density exists ⇝ j density fncs f ⇒ exp. f
Ex:X ∼ N(0, 1) & Y = XZ & Z R. X,Y uncrr& not indp.
X(t) is GP if X(t1), · · · , X(tn) are j normally dis.

m(t) = EX(t), c(s, t) = Cov(X(s), X(t))

Ex: I(t) =
∫ t
0 ∆(u)dW (u) is GP if ∆(u) is deter.

Reflection principle

m > 0, w ≤ m,P(τm ≤ t,W (t) ≤ w) = P(W (t) ≥ 2m− w)

⇝ joint density (M(t),W (t)) with M(t) = maxW (s)

Stochastic Calculus
∆(t) stoch. pro. ad. to fil. gen. by W (t)

Itô Int. I(t) =

∫ t

0
∆(u)dW (u)⇝ mart., EI2(t) = E

∫ t

0
∆2(u)du

QV : [I, I](t) :=

∫ t

0
∆2(u)du, dI(t) = ∆(t)dW (t)

Itô process: X(t) = X(0) +

∫ t

0
∆(u)dW (u) +

∫ t

0
Θ(u)du

df(t,X(t)) = ftdt+ fxdX + 1
2
fxxdXdX

Levy M mart., cont. path, M(0) = 0, dMdM = dt.M ⇝ BM .

dS(t) = αS(t)dt+ σS(t)dW (t), S(t) = S(0)eσW (t)+(α−σ2

2
)t

dX(t) = ∆(t)dS(t) + r(X(t)−∆(t)S(t))dt
Agent pays C(t)⇝ dX = ∆dS +R (X −∆S) dt− Cdt

dX = rXdt︸ ︷︷ ︸
average rate of return

+∆(α− r)Sdt︸ ︷︷ ︸
risk premium

+ ∆σSdW︸ ︷︷ ︸
volatility term

.

Dividend dS(t) = α(t)S(t)dt+ σ(t)S(t)dW (t)−A(t)S(t)dt

Multidim market model d (DX) =
∑m

i=1
∆i
D

d (DSi).

dSi(t) = αi(t)Si(t) + Si(t)
∑d

j=1 σij(t)dWj(t), ∀i ∈ [1,m]

Cost of carry dX = ∆dS − a∆dt+ r(X −∆S)dt
Here dS(t) = rS(t)dt+ σS(t)dW̃ (t) + adt
Cash flow valuation dX(u) = dC(u) + r(u)X(u)du
Risk-neutral pricing e−rtV (t) = Ẽ[e−rTV (T )|F(t)]
Forward & future With constant interest rate r

Ẽ
[
e−r(T−t) (S(T )−K) |F(t)

]
= 0 ⇐⇒ K = Ẽ [S(T )|F(t)]

Black Scholes Model
de−rtX(t) = de−rtc(t, S(t)) ⇒ ∆(t) = cx(t, S(t))

ct + rxcxx + 1
2
σ2x2cxx = rc

c(T, x) = (x−K)+, c(t, 0) = 0, 0 = lim
x→+∞

c(t, x)−(x−e−r(T−t)K)

c(t, x) = xN(d+)−Ke−r(T−t)N(d−), d± = 1
σ
√
τ
[log x

K
+(r±σ2

2
)τ ]

P&L = d(e−rTP )−
∂P

∂S
d(e−rTS) = e−rT [ 1

2

∂2P

∂S2
(d < S > −σ2S2dt]

dP =
dP

dt︸︷︷︸
:=Θ

∗+
dP

dS︸︷︷︸
:=∆

∗+
dP

dσ︸︷︷︸
:=v

∗+
dP

dr︸︷︷︸
:=ρ

∗+ 1
2

d2P

dS2︸ ︷︷ ︸
:=Γ

∗

+ 1
2

d2P

dSdσ︸ ︷︷ ︸
:=Vanna

∗+ 1
2

d2P

dσ2︸ ︷︷ ︸
:=Volga

∗+ 1
2

d2P

dSdt︸ ︷︷ ︸
:=Charm

∗+ re

PDE
dX(u) = β(u,X(u))du+ γ(u,X(u))dW (u), X(t) = x.

dR(u) = (a(u)− b(u)R(u))du+ σdW̃ (u), Vasicek, HW

dR(u) = (a(u)− b(u)R(u))du+ σ
√

R(u)dW̃ (u), CIR

dXj = − b
2
Xj(t)dt+

σ
2
dWj(t), R(t) =

d∑
j=1

X2
j (t)⇝ CIR

HJM
HJM has zero-coupon bond with maturity T,∀T ∈ [0, T̄ ].

df(t, T ) = α(t, T )dt+ σ(t, T )dW (t), 0 ≤ t ≤ T

Term-structure model satis. HJM no-arbitrage if forward rates

df(t, T ) = σ(t, T )σ∗(t, T )dt+ σ(t, T )dW̃ (t)

dD(t)B(t, T ) = −σ∗(t, T )D(t)B(t, T )dW̃ (t),

σ∗(t, T ) =

∫ T

t
σ(t, v)dv

Every term-structure model driven by BM is HJM.

B(t, T ) = e−
∫ T
t f(t,v)dv , f(t, T ) = −

∂

∂T
logB(t, T )

Two Factor Models

dX1(t) = (a1 − b11X1(t)− b12X2(t))dt+ σdB̃1(t)

dX2(t) = (a2 − b21X1(t)− b22X2(t))dt+ σdB̃2(t)

R(t) = ϵ0 + ϵ1X1(t) + ϵ2X2(t) Vasicek

dY1(t) = (µ1 − λ11Y1(t)− λ12Y2(t))dt+
√

Y1(t)dW̃1(t)

dY2(t) = (µ2 − λ21Y1(t)− λ22Y2(t))dt+
√

Y2(t)dW̃2(t)

R(t) = δ0 + δ1Y1(t) + δ2Y2(t) CIR

f(t, Y1(t), Y2(t)) = B(t, T )⇝ set dt-term in dD(t)B(t, T ) = 0.
Solve PDE4 f(t, y1, y2) = e−y1C1(T−t)−y2C2(T−t)−A(T−t).

Forward LIBOR L(t, T )

1 + δL(t, T ) =
B(t,T )

B(t,T+δ)
. Price L(T, T ) at t : B(t, T + δ)L(t, T )

B(t, T ) = Ẽ
[
e−

∫ T
t R(s)ds|F(t)

]
Backs. L. L(t, T )B(t, T + δ) P. at t ≤ T , Pay L(T, T ) at T + δ

Black-C.T + δ ⇝ (L(T, T )−K)+.
dL(t,T )
L(t,T )

= γ(t, T )dW̃T+δ(t)

B(0, T+δ)[L(0, T )N(d+)−KN(d−)], d± =
1

√
Γ
[log

L(0, T )

K
+Γ]

Γ =
∫ T
0 γ2(t, T )dt, γ(t, T ) =

1+δL(t,T )
δL(t,T )

[σ∗(t, T + δ)− σ∗(t, T )]

Forward LIBOR, T + δ & T -maturity zero-coupon bonds vols.

Numeraire

Asset representation N primary or derivative, no dividend

dN = rNdt+Nν · dW̃ ⇝ N = N(0)e
∫ t
0 ν·dW̃+

∫ t
0 (R− 1

2
||ν||2)du

W̃
(N)
j = −

∫ t
0 νjdu+ W̃j , P̃(N)(A) = 1

N(0)

∫
A D(T )N(T )dP̃

dDS = DSσ · dW̃ ,dDN = DNν · dW̃ , dSN

SN = [σ − ν] · dW̃N

Ex:dS
S

= rdt+σdW̃1,
dN
N

= rdt+νdW̃3, V 2 S
N

= σ2−2ρσν+ν2

T-for.
V (t)

B(t,T )
= ẼT [V (T )|F(t)], dFS(t, T ) = σFS(t, T )dW̃T

Rnd int rate V (t) = S(t)N(d+(t))−KB(t, T )N(d−(t))

Exotic Options

Perp. Am. put de−rtvL∗ (S(t)) is supermart.

v(t, x) = maxτ∈Tt,T
Ẽ
[
e−r(τ−t) (K − S(τ)) |S(t) = x

]
Am. call h ≥ 0 cvx. Discnt. intr. val e−rT h(S(t)) is submart.

Div paying Am. call Opt. ex.: right before div payment

SVs
SABR dFt = αtF

β
t dW 1

t , dαt = ναtdW 2
t , dW

1
t dW

2
t = ρdt

Heston dSt
St

= µdt+
√
νtdW

1,P
t , dνt =

κ(θ − νt) + ξ
√
νtdW

2,P
2 , dW 1,P

t dW 2,P
2 = ρdt

Jump Process

fτ (t) = λe−λt,Eτ = 1
λ
, F = 1−e−λt,P(τ > t+s|τ > s) = e−λt

nth jump: τ1 + · · ·+ τn. Eτi = 1
λ
. Arr. times: Sn =

∑n
k=1 τk

Poisson process N(t) = # jumps before t. Intensity = λ.

Density =
(λt)k

k!
e−λt, N(t+ s)−N(t) ∼ N(s), N(t)− λt mart.

EN(t)−N(s) = λ(t− s),VarN(t)−N(s) = λ(t− s)

Compound Pois. proc. Q(t) =
∑N(t)

k=1 Yi, Yk iid, EYi = β.

EQ(t)−Q(s) = λβ(t−s),VarQ(t)−Q(s) = λβ(t−s), Q(t)−λβt
mart. φQ(t)(u) = exp(λt(φY (u)− 1))

Decom. P(Yk = yj) = pj ,∀j ∈ [1,M ]. N1, · · · , NM indep.

Poi. pr. ENk = 1
λpk

. Q(t) =
∑M

m=1 ymNm(t)

X(t)
jump process

= X(0)
nonrandom

+ I(t)
=
∫ t
0 Γ(s)dW (s)

+ R(t)
=
∫ t
0 Θ(s)ds

+ J(t)

J(t)val. imm. a j. J(t−)val. imm. b j. ∆J(t) = J(t)− J(t−)∫ t

0
Φ(s)dX(s) =

∫ t

0
Φ(s)Γ(s)dW (s)+

∫ t

0
Φ(s)Θ(s)ds+

∑
0<s≤t

Φ(s)∆J(s)

Φ(s) left-cont.(predictable) ⇝ mart.

QV [Xi, Xj ](T ) =
∫ T
0 Γi(s)Γj(s)ds+

∑
0<s≤T ∆Ji(s)∆Jj(s)

Itô f(X(t)) = f(X(0)) +
∫ t
0 f ′(X(s))dXc(s) +

1
2
f ′′(X(s))dXc(s)dXc(s) +

∑
0<s≤t[f(X(s))− f(X(s−))]

W, N indep. W (t) & N(t) indep. defined on same prob. sp.

Doleans-Dade ZX = expX
c− 1

2
[Xc,Xc] ∏

0<s≤t(1 + ∆(s))
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