. 2
Probability Theory ap=4, 4P AP AP P
o0 o0 2
nxy(C) = [ [% To(e,y) fx,y (x,y)dady Bx: god d A 4T
joint dist. measure Joint dist. =0 =A =v =p =I
X =Y ~Unif[0,1] ~ (X,Y) has no joint den. func. 2P 2P q42p
Marginal dist. measures px(A) = pxxy (A X R) + % % — *+ % * +re
Indp. <= jdist. mea. f <= j cum. dist fncs f <= mgf dsda Jdo?, 4sdt
functions f <= if j density exists ~~ j density fncs f = exp. =Vanna :=Volga :=Charm
Ex:X ~ N(0, 1)&Y XZ & Z R. X,Y uncrr& not indp. PDE
X(t) is GP if X(t1),---,X(tn) are j normally dis.
AX () = B(u, X (u))du +(u, X (w)dW (), X () = 2.
t) =EX(t t) = Cov(X X(t Z
m(t) ( ),c(s, ) ov(X(s), X(6)) dR(u) = (a(u) — b(u)R(u))du + odW (u), Vasicek, HW
+ . . . -
Ex: I(t) = fO A(u)dW (u) is GP if A(u) is deter. dR(v) = (a(u) — b(v)R(w))du + 0'\/R7dW . CIR
Reflection principle
m > 0,w < m,P(rm < t,W(t) <w)=PW(t) > 2m —w) dX; = =2 X;(t)dt + $dW;(t), R(t) = ZXQ t) ~ CIR
~ joint density (M(t), W (t)) with M (t) = max W (s)
HJM

Stochastic Calculus

HJIM has zero-coupon bond with maturity 7, V7T € [0,T].
A(t) stoch. pro. ad. to fil. gen. by W (¢)

df(t,T) = a(t, T)dt + o(t, T)dW(t),0 <t < T
/ A2 (u)du Term-structure model satis. HJM no-arbitrage if forward rates
df(t,T) = o(t, T)o* (t, T)dt + o (¢, T)dW (t)
D(t)B(t,T) = —c* (¢, T)D(t)B(t, T)dW (t),

(1, T) = /tT o(t, v)dv

Every term-structure model driven by BM is HJM.

Ité Int. I(t / A(u)dW (u) ~ mart., EI%(t)

[, 10() / A2(u)du, dI(t) = A(H)dW (1)

1t6 process: X (t +/ Au dW(u)+/ O(u

df(t, X (t)) = fedt + fodX + 1 fordXdX
Levy M mart., cont. path, M(0) =0,dMdM = d¢t.M ~» BM.

0_2
dS(t) = aS(t)dt + oS(t)dW (1), S(t) = S(0)e” " (a3t
dX(t) = A(t)dS(t) + (X (t) — A(t)S(t))dt
Agent pays C(t) ~» dX = AdS + R(X — AS)dt — Cdt

dX = rXdt +A(a—r)Sdt+ AcSAW
~—~— N —_———

risk premium

B(t,T) = e~ J T p(y 1) = ‘a% log B(t, T)

Two Factor Models
dX, (t) = (a1 —b11 X1 (t) — leXQ(t))dt —+ o’dél (t)

dXz(t) = (a2 —b21X1 (t) — b22X2(t))dt + a’dég(t)
R(t) =€+ e1 X1 (t) + 62X2(t) Vasicek

average rate of return volatility term

Dividend dS(t) = a(t)S(t)dt + o(t)S(¢)dW (¢ ) A(t)S(t)dt B
Multidim market model d (DX) = Y7, 24d (DS;). dY1(t) = (1 — A1 Y1(t) — Ai2Ya(t))dt 4+ /Y1 (t)dWi (t)
ds; (t) = O‘i(t)si(t) + Sl(t) Z?:l Tij (t)dWJ (t), Vi € [17 m] dYQ(t) = (ug — A1 Y1 (t) - )\QQYQ(t))dt —+ 4/ YQ(t)dWQ(t)

Cost of carry dX = AdS — aAdt + (X — AS)dt
Here dS(t) = rS(t)dt + oS(t)dW(t) + adt

Cash flow valuation dX (u) = dC(u) + r(u) X (u)du
Risk-neutral pricing e~V (t) = E[e~"TV(T)|F(t)]
Forward & future With constant interest rate r

E om0 (S(T) ~ K)|[F()] =0 += K =E[S(D)|F(1)

Black Scholes Model
de™"tX () = de~"te(t, S(t)) = A(t) = ca(t, S(t))

ct +rrcgr + 2:72:t2cmC =17rc

R(t) = 8 + 81Y1(t) + 82Ya(t) CIR
f(t,Y1(t),Y2(t)) = B(t,T) ~ set dt-term in dD(¢)B(¢,T) = 0.
Solve PDE4 f(t,y1,y2) = e ¥1C1(T—1)—y2C2(T—t)—A(T—t)
Forward LIBOR L(t,T)
14 6L, T) = % Price L(T,T) at t : B(t, T + 8§)L(¢, T)
B(t,T) = & [e= ' RO 7(p)|
Backs. L. L(t,T)B(t,T +6) P. at t < T, Pay L(T,T) at T+
Black-C.T + 6 ~ (L(T,T) — K)*. d;(gtg = (t, T)AW T+ (1)
o (T=1) ¢

o(T,z) = (z—K)T,¢(t,0) = 0,0 = hr}rl c(t,x)—(x— 1 L(0,T)
zortoo , | BOT+8)[LOTIN () KN )] ds = —llog “ 2 +1)
c(t,x) = ;,;N(dJr)_Kefr(Tft)N(d,),di = #[bg =HrE%5)T 7] sLeT
02 p D= [ 92, T)dt, 4t T) = S5 [0 (6T + 8) — o (¢, T)]

P

o
P&L =d(e”"TP)———=d(e""TS) = e "T[L (d< 8> —0252 Cl‘ﬂrward LIBOR, T + ¢ & T-maturity zero-coupon bonds vols.
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Numeraire

Asset representation N primary or derivative, no dividend

AN = rNdE+ Nv - dW ~ N = N(0)els ¥ W5 (=5 lIv]1*)du
5 (N t i 5
WY = - [Fvjdu+ Wy, POV(A) = o [, D(T)N(T)dP

dDS = DSo - dW,dDN = DNv - dW, dSS—Jf =[o —v] - dWN

Ex:% = rdt+adW1, % = rdt+udW3, VQ% =02 —2pov+v?
\4 = ~
T-for. jf}) =ET[V(T)|F(t)), dFs(t,T) = o Fs(t, T)dWT

Rnd int rate V(t) =

S(ON(dy (1)) — KB(t, T)N(d— (1))

Exotic Options
Perp. Am. put de~"tvy, (S(t)) is supermart.

v(t, ) = maxreT; 1 E [e’r("*t) (K = S(m) |5(t) = 2]

Am. call h >0 cvx. Discnt. intr. val e "Th(S(t)) is submart.
Div paying Am. call Opt. ex.:

SVs

SABR dF; = a, FdW}, day = VatthQ, AWEAWE = pdt
dSy _

Heston t’ pdt + \/ZTtdW

#(0 — vi) + EmdW T L aw P aw2F = pdt

right before div payment

7th =

Jump Process

fr®) =Ae M Er =1, F=1—e"MP(r >t+s|t>s)=ecM
L4+ Th. Er = % Arr. times: Sp = p_4 Tk
Poisson process N (t) = # jumps before ¢t. Intensity = A.
Density = ()‘t) e M N(t+s) — N(t) ~ N(s), N(t) — A\t mart.
EN(t) — (s)—/\(tfs) Var N(t) — N(s) = A(t — s)
Compound Pois. proc. Q(t) = ZN@ Y;, Yy did, EY; = 8.

P jump:

EQ(t) —Q(s) = AB(t—s), Var Q(t) —Q(s) = AB(t—s), Q(t) — ABt
mart. o (1) = exp(A(py (u) — 1)
Decom. P(Y}, =y;) =p;,VYj € [1,M]. N1,---, Ny indep.
Poi. pr. ENg = 31— Q(t) = Spimy Ym N (1)

X(@t) = X(0) + It) + Rt +J@
jump process nonrandom :f(; T(s)dW (s) :fot ©(s)ds

J(t)val. imm. a j. J(t—)val. imm. b j. AJ(t) = J(¢)

/0t<1>(s)dX(s)=/0 ®(s)T(s)dW (s) +/

D(s) left-cont. (predictable) ~ mart.

QV [X;, X;](T) = [ Ta(s)T; (S)d3+20<e<T AJi(s)AJ;(s)
Itd f(X(1) = f(X(0) + [y f'(X(s))dX(s) +

3/ (X(s))dXe(s)dX () + ZO<sgt[f(X(8)) f(X(s=))]
W, N indep. W(t) & N(t) indep. defined on same prob. sp.

liyve ye
2O X oo (14 As))

—J@-)

0<s<t

Doleans-Dade ZX = cprC_

5)O(s)ds+ > @(s)AJ(s)
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