Exercise 10.2 (ODEs for the mixed affine yield model)

In the mixed model discussed in this chapter, the two factor Vasicek model as well as the two factor
CIR model, the price of zero coupon bonds are calculated as follows

F(t g1, y2) = e LT =y2Ca(T=t)—A(T—t)

)

where C1(0) = C2(0) = A(0) = 0. Find the ordinary differential equations satisfied by A, C1, C.

Proof

The canonical two-factor mixed model is as follows.

AYi(t) = (u — MY (1) dt + /Y1 (6)dW (¢

dYa(t) = —XoYa(t)dt + o911/ Y1 (t)dWi(t) + \/a + BY1(t)dWs(t)

(
(
R(t) =0y +0 Y] (t) + 52Y2(t).
e dD(t)f(t,y1,y2) is a martingale and thus dt-free. We have that

dt-term in df = f; + fy, (u—Ay1) + %fylylyl — A2 fyaty2 + %Uglylfyﬂn
+ % (o + By1) fyaye + 021 fruyotn

Moreover,
dt-term in dDf = —RD fdt + D dt-term in df
Equating this expression to zero and cancelling out the D factor, we obtain

ft + fy1 (,u - >\1y1) + %fy1y1yl - )\2fy2y2 + %U§1y1fy2y2
+ 5 (o + BY1) fyoye + 021 fyrypy1 = R (Mixed affine-yield model ODE)

Let 7 =T —t. Derivations of f are as follows:

fe=(A'(1) + Co(r)y2 + Ci(T)1) - f
Sy ==Cu(7) - f
fyp = =Ca(T) - f
Sy = 012(7) f
Sy2yn = 22(7—) f
fyrys = C1(T)Co(T) - f

Using these equations and cancelling out factor f from both sides in (Mixed affine-yield model ODE),
we obtain that

A1) + C3(7)y2 + C1(T)y1 — Cr(T) (1 — Mayn)
+ 2CH(T)y1 + A2Ca(T)y2
+ 3059103 (1) + 5 (a + Byr) C3(7)
+ 02101 (7)Ca(T)y1 = do + d1y1 + 022



Rearranging terms gives
A'(r) = Ci(T)p + §C3(7)
1 [CH) + ML) + 5C3(7) + 303, C3(7) + §C3() + 0m Ca (1) Ca(7)
+y2 [C3(T) + A2Ca(T)]
= do + 01y1 + d2y2

Since this expression holds for all y1,y > 0, it must hold that

A1) = C1(T)p + %022(7) do
Ci(7) + MCi(T) + 3CH(7) + 303,C2(7) + BC2(7) + 001 C1 (1) Ca(T) = &
Cé(T) + )\202(7’) = 9.



