Exercise 10.3 (Calibration of two-factor Vasicek model)
The canonical form of two-factor Vasicek model is as follows.
dyi(t) = =\ Yi(t)dt + dWy (1)

dYy(t) = =AY (£)dt — Ao Ya(t)dt + dWy(t)
R(t) = do(t) + 61Y1(t) + 02Ya(?).

Here &g is a nonrandom function of ¢t. Let
B(L.T) = E [e M 7 ()
= f(ta T7 Yl(t)7 YQ(t))

Here
f(t, T, y17 y2) = e_ylcl (t7T)_y202(t7T)—A(t,T)

Assume the model parameters A\; > 0,A2 > 0,A12,01,92 are given. Find §p(7") in terms of
% log B(0,T") and the model parameters such that

f(0,7,Y1(0),Y5(0)) = B(0,T), T >0.

Proof

Let 7 =T — t. From the textbook, the following holds
é{(T) = —/\101(7') — )\21(7‘) + 51
Co(r) = —AaCa(7) + 62
Al(r) = =3CE(r) = 3C3(7) + do(7)

Moreover, if A\; # A, then
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C10.T) = Crlr) = 1 (51 L )(1 )+ p (o o)

And if Ay = )Xo, then

~ 1
Ci(t.T) = Cy(r) = — (51 _ Aﬂ‘sl) (1= ) 4 222 par

Also

Finally, from (10.2.55),
A, T)=A(T) = /OT [—Cl (u) — %C%(u) + do(t + u)} du

Therefore,

T
A0,T) = /O [_;cf(u,n_;cg(u,T)wo(u)] du

1



So

A1) = L CHT.T) ~ SCHTT) + ()

oT
= 6o(T).
On the other hand,
log B(0,T) = =Y1(0)C1(0,T) — Y2(0)C2(0,T) — A(0,T)

Thus,

() = — o Tog BO.T) ~ Yi(0) A-C1(0,) — Ya(0) 250, 7)

Computing C1(0,T) and C3(0,T) using their closed-form formulas as above completes the proof.



