Exercise 10.6 (Degenerate two-factor Vasicek model)
The canonical form of two-factor Vasicek model is as follows.
dYi(t) = =\ Yi(t)dt + dW(t)

AYa(t) = —Xo1 Y1 (4)dt — Ao Ya(t)dt + dWa(t)
R(t) = 8o + 01 Y1(t) 4 02Ya(t).

Prove that in either of the following cases, this model will be be reduced to a one dimensional SDE
for the interest rate R(t).

1. 2 =0

2. (Al - /\2)51 4+ Xo1do =0 and 6; > 0 for i = 1,2, 3.

Proof
If 62 = 0, then the following one-dimensional SDE holds
R(t) = do + 02Y1(t)
dYi(t) = =M Ya(t)dt + dWi (t)
Now assume that d; > 0 and (A — A2)d1 + A2192 = 0. We have
AR(t) = &1 [\ Yi(H)dt + dWWy (t)] + 6 [—)\lel(t)dt ~ AoYa(t)dt + dWa(t)
= Yi(t) [<01A1 — GaAo1] At — GoXo Yo (t)dt + 61dW1(t) + dodWa(t)

= Y1 (t) [~ A201] At — G2 Ao Yo (t)dt + 51dW7 (t) + 2dWa(t)
= —)g [(51Y1 (t) + 52}/2@)] dt + 51dI/T/1 (t) + (52dW2(t).

Thus, we need

—A2 [61Y1(t) + 02Y2(t)] = a — bR(?)
51dW (t) + 02dWa(t) = od B(t)

With regards to the second equation, simply write

~ o1 5 6y -
B(t) = —=W({t) + ——= t
0= g0+ el
Clearly, B(t) is a martingale. Moreover,
dB(t)dB(t) = o dt + % dt = dt
- 0i 4463 §3+62

Thus, by Levy theorem, B(t) is a Brownian motion. Letting o = /67 + 05, the second equation
follows. Finally,

a—bR(t) = (a — bdg) — bS1Y1(t) — bdaYa(t)



Thus to satisfy the first equation, it suffices to have

So let

—A201 = —bd;
—)\2(52 = —bég
a — 650 =0

b= Ay
a = Aadp



