
Exercise 1.12

Let X be a standard normal random variable on a probability space (Ω,F ,P). Set Y = X + θ and

denote Z = e−θX− 1
2
θ2 . Define

P̃(A) :=
∫
A
Z(ω)dP(ω).

Under P̃, Y is a standard normal random variable. Note that X = Y − θ. Denote Ẑ = eθY− 1
2
θ2

and define

P̂(A) :=
∫
A
Ẑ(ω)dP̃(ω).

Show that Ẑ = 1
Z and P̂ = P.

Proof

We begin by noting that

Ẑ = eθY− 1
2
θ2

= eθ(X+θ)− 1
2
θ2

= eθX+ 1
2
θ2

=
1

Z
.

On the other hand, we know that

P(A) =

∫
A

1

Z(ω)
dP̃(ω)

=

∫
A
Ẑ(ω)dP̃(ω)

= P̂(A).
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