
Exercise 1.13 (Change of measure for a normal random variable)

Let X be a standard normal random variable on some probability space (Ω,F ,P) and let Y = X+θ.
Show that if Y is standard normal under some probability distribution P̃, then for ’small’ set A
and fixed ω∗ ∈ Ω s.t. ω∗ ∈ A, the following must hold

P̃(A)

P(A)
= exp

(
−θX(ω∗)− θ2

2

)
.

Proof

We begin by showing that

1
ϵP(X ∈ B(X(ω∗), ϵ)) ≈ 1√

2π
exp

(
−X2(ω∗)

2

)
Here B(X(ω∗), ϵ)) = [X(ω∗)− ϵ

2 , X(ω∗) + ϵ
2 ]. Denote x = X(ω∗). We have that

1

ϵ
P(X ∈ B(x, ϵ)) =

1

ϵ
√
2π

∫ x+ ϵ
2

x− ϵ
2

e−
t2

2︸︷︷︸
≈ exp(−x2

2 )

dt ≈ 1√
2π

exp(−x2

2 ).

Therefore, assuming that Y is standard normal under P̃, we must have that

1
ϵ P̃(Y ∈ B(Y (ω∗), ϵ)) ≈ 1√

2π
exp

(
−Y 2(ω∗)

2

)
Clearly, B(Y (ω∗), ϵ)) = B(X(ω∗), ϵ)). Therefore,

P̃(Y ∈ B(Y (ω∗), ϵ))

P(X ∈ B(x, ϵ))
≈ exp

(
−1

2
(Y (ω∗)−X(ω∗)) · (Y (ω∗) +X(ω∗))

)
≈ exp

(
−θ

2
· (θ + 2X(ω∗))

)
= exp

(
−θ2

2
− θX(ω∗)

)
.
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