
Exercise 1.3

Let (Ω,F ,P) = ([0, 1], 2[0,1],P) where P(A) = +∞ if A is infinite, otherwise P(A) = 0. Show that
P(∅) = 0 and if A1, · · · , AN are disjoint then P(∪n

i Ai) =
∑n

i=1 P(Ai). However, show that if A1, · · · ,
is an infinite sequence of disjoint sets, then P(∪∞

i Ai) =
∑∞

i=1 P(Ai) does not necessarily hold.

Proof

Clearly, P(∅) = 0. To see P(∪n
i Ai) =

∑n
i=1 P(Ai), note that either side is 0 if and only if each Ai is

finite and is +∞ if and only if there exists i s.t. Ai is infinite. Therefore the equality holds. Now
consider an infinite sequence x1 < · · · ∈ [0, 1] and define An = {x1, · · · , xn}. We have that

+∞ = P(∪∞
i Ai) ̸=

∞∑
i=1

P(Ai) = 0.
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