
Exercise 1.5

Let X ≥ 0 be a random variable with cumulative distribution function F (x). Show that

EX =

∫ +∞

0
(1− F (x)) dx.

Here F (x) = P(X ≤ x).

Proof

We have that ∫
Ω

∫ +∞

0
1[0,X(ω))](x)dxdP(ω) =

∫ +∞

0

∫
Ω
1[0,X(ω))](x)dP(ω)dx

RHS is ∫ +∞

0

∫
Ω
1[0,X(ω))](x)dP(ω)dx =

∫ +∞

0

∫
Ω
1{x≤X(ω)}dP(ω)dx

=

∫ +∞

0
P(x ≤ X)dx

=

∫ +∞

0
(1− F (x)) dx

LHS is ∫
Ω

∫ +∞

0
1[0,X(ω))](x)dxdP(ω) =

∫
Ω
X(ω)dP(ω) = EX.

The proof is complete.
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