Exercise 2.10

Consider two random variables X and Y with joint density function fxy(z,y).

every Borel subset C of R?,

P(X,Y)eC) = /Cfx,y(x,y)dxdy.

In then holds that oo

E[Y|X =] = / v (lz)dy

—00

Here fy|x(y|r) denotes the conditional density defined by

fyix(ylz) = ij};((i’)y)

where fx(z) = fj;o fxy(x,n)dn is the marginal density of X. Define

+o0
g(z) = / yfyx (ylz)dy.

—00

Show that if E|Y| < 400, then E[Y|X] = g(X).

Proof
For a Borel subset B of R, let A = X~"!(B). We need to show that

/A g(X)dP = /A YdP.

+oo
/ 9(X (w))dP(w) = / 15(2)g(x) fx (x)da
A

—0o0

-/ :° 15(e) fx () ( / :O Wdy) da
o :° / j o) () P gy

+oo  p+oo
/ / ylp(z)fxy(z,y)dedy

o

We have that

E[1p(X)Y]

1p (X (w))Y(w)dP(w)
14(w)Y (w)dP(w)

Y (w)dP(w)

S
3;\:}\_'@\

Therefore, for



Here in (1), we used Fubini’s theorem. Note that

+oo +oo +oo +o0
[ e sy < [ [l e sy
=ElY| < +o0.
Also in (2) we used the following

Y(w) ifweAd

0 otherwise

1 (X(w)Y(w) = {



