Exercise 2.9

Give an example of a probability space (2, F,P), a random variable X defined on this space and a
function f such that

o(f(X)) & o(X).
Is it possible to have o(f(X)) € o(X)?

Proof
Set . B
Q=R, F=B, PA)= @/Aezdt.
Define X (w) = w and f(w) = w?. Then we have that
o(X)={{lwe: X(w)eC}:CeB}=8
Furthermore,
o(f(X)) = {{weQ: f(X)(w) e C}: C e B}

:{{(/JEQ:WQEC}:CEB}
={{weQ:w?€C}:CeBand CNR2"#0}
Note that it always holds that o(f(X)) C o(X). To see this, note that
o(f(X)) ={{we: f(X)(w) e C}: CeB}
={{weQ: X(w )} :CeB}

(W) e f
C{{weQ: X(w) e fH(O)}: f71(C) e B}
CHH{weN: X(w)eC}:CeB}=0(X).
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Here we used the fact that f~(C) € B whenever B € B.



