Exercise 4.14

Prove that
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The proof is in three steps:

1. Define Z; = f"(W(t;)) [(W(tjm — W () — (tja1 — tj)] Show Z; is F(t;+1)-measurable
and )
E[Zj|F(t;)] =0 and  E[Z]|F(t)] =2 [f"(W(t;)]" (41— t;)°
2. Under the assumption that EfOT [f”(W(t))])? dt < 400, show that limy -0 Z?;ol Z;=0.
3. Conclude Eq (1).

Proof
1. We have that
PV (E))EIZ| F (1)) = " (W () EIW (ti11) — W () = (t501 — )| F(t;)]
= f(W(ty)) - (Var(W (tj1) = W(t))) — (tjr1 — t5)) =

To show the second inequality, recall that the kurtosis of normal random variables is 3. Hence,
since W (tj1+1) — W(t;) is normal

0.

B[00 (t00) - W(1))"
Var (W (tj41) — W(tj))Q N

Therefore, E [(W(tj+1) - W(tj))ﬂ =3 (tj41 — tj)2. Thus,

E[Z7|F(t;)] = [F" (W ()] - <3 (L1 — )" = 2 (tj41 — ) + (tj1 — tj)2>
=2[f"(W(t))]” (t1 — 1)
2. We begin by noting that EZ; = E [E[Z;|F(¢;)]] = 0. Thus ]EZ;‘;& Zj = 0. Note that
F(to) C F(t1) C--- C F(tn-1) C F(tn) = F(T).
Denote by S := Z?:o Z;. Notice that S,_» is F(t,—1)-measurable. We have that
Var S,,_1 = E[S,—2 + Zn_1]2

=E [E [[Sn—2 + Zn-1]*|F (ta-1)]]
=E[E[S2 o+ 25 —2Zn-1+ Z_1|F(tn-1)]]

=E |87 5+ 252 E[Zn1|F(tp—1)] +E [Z7_1|F (tn-1)]
=0
E (S o] +E[E[Z7 | F(tn-1)]] -




Inductively, we obtain that

n—1
Var S,,_1 = ZE [ZJQ] .
7=0
Therefore,
“ 2 r 2
Var S, 1 = 2B S [f"(W (1)) (t41 — £)? < |10} -IE:/O (W (8))]? de.

J=0

By assumption, ]EfOT [f”(W(t)))? dt < 400. Thus, VarS,,_; — 0 as ||[II| — 0. Putting pieces
together, we obtain that

n—1
I Z; =0
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