Exercise 4.19

1. Let W(t) be a Brownian motion and define

B(t) = /O sen (W (s))d WV (s)

Show that B(t) is a Brownian motion.
2. Compute dB(t)W (t). Show that E[B(t)W (t)] = 0.
3. Compute dB(t)W?2(t). Show that E[B(t)W?(t)] # EB(t) - EW?2(¢).

Proof

1. B(t) is continuous since the following bound holds:
t
E/ sgn(W(s))%ds < s < +oc.
0
Hence Theorem 4.3.1 shows that B(t) is continuous. Indeed, we could show the above integral
is exactly equal to s. Observe that
A:={s€]0,t]: W(s) =0} has Lebesgue measure zero. (1)

To see this, note

Here we used Fubini theorem and the fact that indicator is non-negative. Next, we use Levy’s
Theorem to show that B(t) is a Brownian motion. B(0) = 0 and B(t) is a martingale relative
to filtration generated by W (s) : s <t based on Theorem 4.3.1. Theorem 4.3.1 also gives

[B, B|(t) = E/O sgn(W(s))%ds =t

Here we used (1). By Levy Theorem, B(t) is Brownian motion.

2. We have that
dB(t)W(t) = B(t)dW (t) + W (t)dB(t) + dW (t)dB(t)

Continuing,
dW (t)dB(t) = sgn(W(t))dW (t)dW (t) = sgn(W (¢))dt.

Moreover,

2

E/OtB(s)2ds = /Ot EB(s)%ds = /Ot /0 sgn(W(u))?duds = % < +oo.

1



t t t t2
E/ W (s)?ds = / EW (s)%ds :/ sds = — < +00
0 0 0 2

Rewriting the It6 product rule above, we have
d[B(t)W (t)] = B(t)dW (t) + |W (t)|dW (t) 4+ sgn(W (t))dt.

Taking integrals and then expectations, we have that

t t t
EB(t)W(t) = E/O B(s)dW (s) —HE/O |[W (s)|dW (s) —|—E/O sgn(W(s))ds
=11 (1) =T ()
=0+0+ | Esgn(W(s))ds=0.
’ =0

We used the regularity conditions above to be able to use Theorem 4.3.1 i.e., 1t integrals
are martingales and thus EI;(t) = Elx(t) = 0.

. We begin by noting that

AW2(t) = W()AW (&) + W AW (&) + dW (£)dW (£) = 2W ()W (£) + dt.

Next,
dBt)W?2(t) = W?2(t)dB(t) + Bt)dW?(t) + dB(t)dW?3(t)
N — ~
W2(t) sgn(W()dW () 2BOW()AW ()  2W (t) sgn(W (¢))dt
Consequently,
t t t
EB(H)W2(1) :21[-3/ |W(s)yds:2/ E|W(s)yds=2\/§/ Vads > 0.
0 0 0
Therefore,

EB(t)W?(t) # EB(t) - EW?(t)
>0 =0 =t



