Exercise 4.3

Consider the following partition of [0, 7]
to=0<ti1=s<ta=t=T

Define a simple random function A as below

Ala) — A0)  ifu<s,
(w) = Wi(s) ifs<u<T.

Which of the following assertions are true?
(i)

(ii) I(t) — I(s) is normally distributed
)
)

E[1 ( )IF(s)] = I(s)
E[I fo A?(u)du| F(s)] = I*(s) — [ A%(u)du

I(t) — I(s) is independent of F(s)

(iii

(iv

Proof

Notice that
I(t) = AO)W (s) + W(s) (W(t) —W(s)), I(s)=A0)W(s).

Denote
D:=1(t)—1(s) =W(s)(W(t)—W(s)).

(i) Since W(t) — W(s) is independent of F(s), then D being independent of F(s) means that
W(s) = D(W(t)—W(s))" is independent of F(s). But we know that W(s) is F(s)-
measurable and of course is not a constant. Thus, D is not F(s)-independent.

(ii) Notice that W (s) and W (t) — W(s) are independent. Therefore, since Kurtosis for a normal
random variable is 3, the following holds

ED* = EW*(s)E (W (t) — W(s))* = 9s(t — s)?

Moreover,
ED? = EW?2(s)E (W (t) — W(s))? = s(t — s).

Therefore, ED* # 3 (IEDQ)2 and consequently D cannot be normally distributed.
(iii) E[D|F(s)] = W(s)E[W (t) — W(s)|F(s)] =

(iv) fo A?(u)du = A2%(0)s + (t — s)W?(s) is F(s)-measurable. We need to verify whether

BP0 = 6) + [ A%



Continuing,



