
Exercise 5.13

Consider

W̃1(t) = W1(t)

W̃2(t) = W2(t) +

∫ t

0
W1(s)ds

Show that

C̃ov [W1(T ),W2(T )] = −1

2
T 2

Cov[W1(T ),W2(T )] = 0

Proof

We begin by noting that

C̃ov [W1(T ),W2(T )] = Ẽ [W1(T )W2(T )]− Ẽ [W1(T )] Ẽ [W2(T )]

= Ẽ [W1(T )W2(T )]− Ẽ
[
W̃1(T )

]
︸ ︷︷ ︸

=0

Ẽ
[
W̃2(T )−

∫ T

0
W̃1(s)ds

]

= Ẽ
[
W̃1(T )

(
W̃2(T )−

∫ T

0
W̃1(s)ds

)]
= Ẽ

[
W̃1(T )W̃2(T )

]
− Ẽ

[
W̃1(T )

∫ T

0
W̃1(s)ds

]
= Ẽ

[
W̃1(T )

]
︸ ︷︷ ︸

=0

Ẽ
[
W̃2(T )

]
− Ẽ

[
W̃1(T )

∫ T

0
W̃1(s)ds

]

= −Ẽ
[
W̃1(T )

∫ T

0
W̃1(s)ds

]
= −

∫ T

0
Ẽ
[
W̃1(T )W̃1(s)

]
ds

= −
∫ T

0
(T − s)ds

= −T 2 +

∫ T

0
sds

= −T 2

2
.

We did use the fact that W̃1(t) and W̃2(t) are independent under P̃. The second identity clearly
holds as W1(T ) and W2(T ) are independent under P.
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