Exercise 5.13

Consider
Wi(t) = Wy(t)
WQ(t) = WQ(t) + Ot W1 (s)ds
Show that
Cov [WA(1), Wo(T)] =~ 1
Cov[W1(T), Wa(T)] = 0
Proof
We begin by noting that
Cov [W1(T), Wa(T)] = E [Wi(T)Wa(T)] — E[W:(T)] E [Wa(T)]
T
— E[Wy (1) Wa(1)] — E [1y(7)] B [Wzm - Vm(s)ds]
N ) 0
=0
~ -N —~ T —~
=K Wl(T) (WQ( ) — ) Wl(s)ds>]
o __ — T —
~E _Wl(T)WQ(T)} ~E [Wl (T) Wl(s)ds}
~-E Wl(T)} E [WQ(T)] ~E [Wl(T) Wl(s)ds]
—_——— 0
=0
T T __
E— 1) [WI(T)/O Wl(s)ds]
T ~ —~— —~
_ _/ E [Wl (T)Wl(s)} ds
0
T
= —/ (T — s)ds
0
T
=72 sds
_ 72y /0 d
T2
)

We did use the fact that Wl(t) and Wg(t) are independent under P. The second identity clearly

holds as W1 (T) and Wy (T') are independent under P.



