Exercise 5.5

1. Denote

Z(t)_exp< /@ YaWw (u /@2 du>

Compute differential of Z(t)

2. Let M(t) be a martingale under P. Show that M (t) = Z(t)M(t) is a martingale under P.

3. Write .
M(t) = M(0) +/ D(w)dW(u), YO<t<T
0

Write M (t) = M(t) - % and compute its differential using It6 product rule.

4. Show that for some adapted process f‘(t), the following is true.
t
M(t) = M(0) +/ I(u)dW (u)
0

Proof
1. Notice that

Zit):exp(/t@udW(u)—l—é-/Ot@Qudu>

Let X(t fo W(u)+ % fo ©2(u)du and f(x) = e*. We have that Z(t) = f(X(t)).
Thus,

df (X (8) = f(X()dX () + 5 - f (X (£)dX (t)dX (¢t)
= (X)) [0)dW (t) + ©*(t)dt]

2. Since M (t) is F(t) measurable, Lemma 5.2.2 gives
1

7)) E[Z ()M ()| F(s)]

M(s) = E[M(t)|F(s)] =

3. We have that

dM (t) = idM(t) + M(t)d——

Z(1)
=AW () - 7

4 F(t)dW(t);O [ AW () + ©2(1)di]

(AW (£) + M(£)O()dW (£) + O2(£) M (t)dt + T'(£)O(¢)dt]

[T
- [(m) + M(H)O(t)) (dW(t) . G)(t)dt) T OXOM(t)dt + r(t)@(t)dt}




4. Taking integrals from dM (t) = T'(t)dW (t) result follows.



