Exercise 5.6

Use two-dimensional Levy theorem to prove two-dimensional Girsanov theorem.

Proof

Levy theorem Under the following assumptions
o M (t), Ma(t) for t > 0 are martingales relative to filtration F(t).
e M;(0) =0 and M;(t) has continuous paths.
e dM;dM; = dt and dM;dM, = 0.

Levy theorem asserts that M; and My are independent Brownian motions.

Girsanov theorem Consider the following assumptions and notations
e Wi(t) and Wa(t) are two Brownian motions under P and F(t) is its generated filtration
e O1(t),02(t) are two adapted processes

e Define
Z(1) = exp (- /0 01 (w)dW (1) + O (u)dWi(u) — L /O (@%(t)+@§(t))dt>

and suppose EfOT (©3(t) + ©3(t)) Z*(t)dt < 400
e Set Wi(t) = W;(t) + fOt 0;(u)du and define P such that dP(w) = Z(T')dP(w)

Girsanov theorem asserts that W(t) = (Wl (1), Wg(f)) is a two-dimensional Brownian motion

under P.
Proof
Denote Z(t) = eX®). Therefore,
dX () = —O1(t)dW(t) — O2(t)dWa(t) — 103 (1)dt — 203 (t)dt, dX (t)dX (t) = ©F(t)dt + O3(¢)dt
It6 formula yields that

dZ(t) = X [dX (t) + $dX (H)dX (t)]
= —XW [0, (£)dW, () + O (t)dWs(t)]

+
= —Z(t) - [01(t)dW1 (t) + O2(t)dWa ()]

Integration gives

2(6) = 200) = [ Z(0)- 01(u)aWs () + ©a(u)AWa (w)]



Next, we show that W;(t)Z(t) is a martingale under P. Note that

AWi(H)Z(t) = Wi(1)dZ(t) +Z(£)dW;(t) + dW;(t)dZ (1)

dt-fi

t-free

= Wi(t)dZ(t) + Z(t)AW;(t) +Z(t)0;(t)dt + dW;(t)d Z(t)
dt-free dt-free

Moreover,

dW;(t)dZ(t) = — (dWi(t) + ©;(t)dt) - Z(1)[©1(1)dW1(¢) + O2(t)dWa(t)]
— —dAW(t) - Z(D)[O1 () dWA (£) + Oa(£)dWa(8)]
— _Z(1)05(t)dt.

Therefore, dW;(t)Z(t) is dt-free. In other words,

B T T
WAT)Z(T) = Wi(0)Z(0) + /O (- JdW () + /0 - JdWa(w)

Thus Wi(t)Z(t) is a martingale under P. Now similar to the one-dimensional case, it follows that
W;(t) is a martingale under P. It also immediately follows that

AW;(£)dW;(t) = (AW;(t) + ©;(t)dt) - (AW;(t) + ©;(t)dt)
= AW, ()W, (1)
= (5ijdt.

From two dimensional Levy theorem, it follows that W is a two-dimensional Brownian motion
under P. The proof is complete.



