Exercise 6.1

Consider the following SDE
dX (u) = (a(u) + b(uw) X (uw)) du + (y(u) + o(u) X (u)) dW (u)

Here W (u) is a Brownian motion relative to a filtration F(u) and a(u), b(u),vy(u), o(u) are adapted
processes w.r.t. F(u). Fix an initial condition X (¢) = x. Define

Z(u) = exp </tua(v)dW(v) + /tu (b(v) — 302(v)) dv>

[T el )
Y(u) = +/t O +/t W)

Show that X (u) = Y (u)Z(u) solves the described SDE.

Proof

Denote £(u) := [“ o(v)dW (v) + [ (b(v) — 362(v)) dv and let f(¢) = e’. For u > t,

))de(u)de(u)
= Z(u) - [o(w)dW (u) + (b(u) — 302 (u)) du + 302 (u)du]
= Z(u) - [o(w)dW (u) 4+ b(u)du
Next,
ay (u) = 4 _Z‘(’(;L)V(“) du + ;((Z)) AW (w)
Therefore, dY (u)Z(u) equals to
Z(u)dY (u) + Y (u)dZ(u) + dY (u)dZ(u)
—_———— —_—— —_—

(a(u)—o(u)y(u))duty(w)dW(u) Y (w)Z(u)lo(uw)dW (u)+b(u)du]  [(a(u)—o(u)y(w))duty(u)dW (w)]-lo(u)dW (u)+b(u)du]
Simplifying gives

dY (u)Z(u)

(a(u) = o(u)y(w)) du+ y(w)dW (u) + Y (u) Z(u) - [o(w)dW (u) + b(u)du] + ~(u)o (u)du
(a(u) +b(u)Y (u)Z(u)) du + (y(u) + o(u)Y (u) Z(u)) AW (u)

Clearly, Z(t) =1 and Y (t) = x. Thus, Y (¢)Z(t) = x and initial condition is satisfied.



