Exercise 6.2 (No-arbitrage derivation of bond-pricing equation)
Suppose that interest rate is provided by the following SDE

dR(t) = a(t, R(t))dt + y(t, R(t))dW ().
Bond-pricing equation driven via risk-neutral pricing is given as follows

felt,r, T) + Bt ) fr(t,r, T) + 572t 7) fre (7, T) = f (2,7, T).
Here f(t,r,T) = E[e~ i R(s)ds| F(1)], B(t,T) = f(t,R(t),T), and B(t, R(t)) denotes the drift under
risk-neutral measure inside interest rate’s SDE. Derive this equation using a no-arbitrage argument.
Proof
Define §(t,r,T) such that
felt,r, T) + B(t, 1, T) fr(t,r T) + 572 (t, ) frr (7, T) = 7 f (1,7, T).

This is readily possible if f.(¢t,r,T) # 0. If f.(t,r,T) = 1, then set 3(¢t,r,T;) = 1. Consider the
following portfolio value process for t € [0,71]: At time ¢ holds

e Aj(t) of bonds maturing at time 7}
e Ay(t) of bonds maturing at time 75

e Borrow or invest in the money market account if necessary

Note that
2 2
AX(t) = > Ab)df(t,r,T;) + R(t) (X(t) = A f(t ﬂ)) dt.
i=1 =1
Therefore,
dD(t)X (t) = D(t)dX (t) + X (¢)dD(t)

D()dX (t) — X() D(t)R(t)dt

2 2
t) 1Y Ait)df(t,r, T) + R(t) ( (t) — ZAi(t)f(t,r,Ti)> dt — X (t)R(t)dt

1 =1

=
D(t) Y " As() [df(t,r, Ti) — R(t) f(t, 7, Ty)dt] .

=1

We have that
df(t, r, ,-TZ) = ft(tu r, E)dt + f?"(t7 r, ,I;,)dR(t) + %fﬂ”(tv r, E)dR(t)dR(t)
=t T+ ) (17, T+ (2, (61, TYAW (1) + 3 fon 7, TAR(AR)

= fi(t,r, T;)dt + a(t,r) fr(t,r, T;)dt + (¢, ) fr(t,r, T;) AW (t) + %’yz(t, ) frr(t,r, T;)dt



Thus,
Af (1, T5) = RS (67, T
= Jult, 7 T+ () ot T + (8,1 67 AW (8) 3727, 3) fe (1, T
— fi(t,r, Ty)dt — B(t,r, T;) fr(t,r, T;)dt — 7’y (t v, 15) frr(t, 7, T;)dt
= fr(t,r. T3) la(t,r) — B(t, r, T)] dt + y(t,v) fo(t, 7, T) AW ()

We now construct an arbitrage portfolio if 5(¢, R(t),T1) # B(t, R(t),T2). We say a portfolio value
process X (t) satisfying X (0) = 0 is an arbitrage if for some time 7' > 0

P(X(T) > 0) = 1 and P(X(T) > 0) > 0.

Define
M(t) = [ﬂ(t? R(t)v TQ) - ﬁ(tv R(t)’ Tl)] f?“(ta R(t)a Tl)fr(t’ R(t)v TQ)

Set
S(t) = signM (t)

where sign € {1,—1,0}. Denote

Ai(t) = (=1)ES(@) f, (¢, R(t),T;) where 1 < i # j < 2.

Note that
d(D(t) ZA ) [Af(t,r, T;) — R(t) f(t,r,T;)dt]
ZA (fe(t,r, Ti) [at, r) = B(t,r, Ty)] dt + y(t,r) fr (8,7, Th)AW (1))
2
= D(t) Y (=1 S (@) fr(t, R(E), Ty) (frlt,r, T) [t ) = B(t, 7, To)] At + (8, 7) fr (8,7, T)dW (1))
=1
2
= D(O)S() fr(t, R(t), TL) fr(t, R(t), To) > _(—1)"* [ — B(t,r, T))] dt + (t, r)dW (t)]
i=1
= D(t)S(t)fr(ta R(t)a Tl)fr(tv R(t)v TZ) [B(t T, TZ) (t T, Tl)] dt
= D(t) |M(t)| dt.
N——
=pu(t)
Thus,

d(D(t) X (t)) = u(t)D(t)dt for some p(t) > 0.

Hence, to ensure X does not result in an arbitrage opportunity, we must have that u(t) = 0 a.s.
Therefore, 5(t,r,T) does not depend on T' and we have the same ODE for pricing bonds that was
obtained via risk-neutral pricing. Finally, if we define

W(t) = W(t)+ /0 “(“7321?)3’;% (Bu()l;’ R(w)




Thus,

df(t,r,T) — R@)f(t,r,T)dt = f.(t,r,T) [a(t,r) — B(t,r,T)] dt + ~v(t,r) fr(t,r, T)dW (t)
= ’7(757 r)fr(ta Ty T)dW(t)

In other words, fixating 7" and omitting it from the equation,

dD(t)f(t,r) = D(t)df(t,r) — f(t,r)D(t)R(t)dt
D(t) (df(t7) — f(t, r)R()dt)
D (

@)y (t, ) fr(t,r)dW (1)

Thus, P under which W is a Brownian motion is risk neutral.



