
Exercise 6.3 (Solution of Hull-White model)

In Hull-White model, we assume the following SDE

dR(t) = β(t, R(t))dt+ γ(t, R(t))dW̃ (t)

From this equation, we drive the PDE for the zero-coupon bond price

ft(t, r) + (a(t)− b(t)r) fr(t, r) +
1
2σ

2(t)frr(t, r) = rf(t, r)

which has its solution of the following form

f(t, r) = e−rC(t,T )−A(t,T ) where C(T, T ) = A(T, T ) = 0.

Derive and insert back to the above PDE, we obtain that

C ′(t, T ) = b(t)C(t, T )− 1 and A′(t, T ) = −a(t)C(t, T ) + 1
2σ

2(t)C2(t, T ).

Show that

C(t, T ) =

∫ T

t
e−

∫ s
t b(v)dvds and A(t, T ) =

∫ T

t

(
a(s)C(s, T )− 1

2σ
2(s)C2(s, T )

)
ds

Proof

Recall that
d

dx

∫ f(x)

0
g(t)dt = f ′(x)g(f(x))

Therefore,
d

dx

∫ s

0
b(v)dv = b(s).

We have that

d

ds

[
e−

∫ s
0 b(v)dvC(s, T )

]
= −b(s)e−

∫ s
0 b(v)dvC(s, T ) + e−

∫ s
0 b(v)dvC ′(s, T )

= e−
∫ s
0 b(v)dv

[
−b(s)C(s, T ) + C ′(s, T )

]
= −e−

∫ s
0 b(v)dv

Thus,

e−
∫ T
0 b(v)dvC(T, T )− e−

∫ t
0 b(v)dvC(t, T ) = −

∫ T

t
e−

∫ s
0 b(v)dvds

Using C(T, T ) = 0 and cancelling out −e−
∫ t
0 b(v)dv from both sides, we obtain

C(t, T ) =

∫ T

t
e−

∫ s
t b(v)dvds.

Integration from t to T and considering A(T, T ) = 0 immediately gives the solution for A(t, T ).
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