Exercise 6.4 (Solution of Cox-Ingersoll-Ross model)

Recall that
C'(t,T) =bC(t,T) + 26°C*(t,T) — 1, A'(t,T) = —aC(t,T).

Terminal conditions are C(T,T) = A(T,T) = 0. Let v = V> 4202 and 7 = T — t. Show that
the following equations hold

1
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Ct,T) = e A(,T) = —%log R
7 coshyT + 5 sinhy7 7 coshy7 + Sbsinhy7

Proof

Define

, (T
o(t) = exp <U2/ C(u,T)du)
t

Therefore,
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From elementary calculus %fog(x) f)dt = f(g(x))) - ¢'(x) and ftT C(u, T)du = [, —C(u, T)du.
Continuing, we have that

¢'(t) = =5 CI(LT) - plt) = FOUT) [~5CWT) - ()]
=~ %) - [C'(L,T) — F 1, T)]
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=—%(t) pCt,T)—1].

Therefore,

¢'(t) 022 _ _(’22 O, T) =1 —bC(t,T) + 1]

Thus, ¢(t) must satisfy p(t) = a1eM? + aze?? where A1, Ay are roots of the quadratic equation
A2 —bA— T =0.
Since A1 4+ Ao = b, for v > 0, we let
Alzg—yand)\zzg—i-v

Therefore, —%2 = A\ = % —~2. Thus, v = 1v/b? + 202. Next, denote

Ccl1 = —)\10,16)\1T, Cy = /\2(126)\2T.
Therefore,
C2 C1
1=o(T) = a1eMT +age?? = =2 — =
A2 A\



(T)C(T,T) =0, we must have

Next, since ¢/(T) = —%2@
0= (T) = MareMT + Agaze™T = ¢y — ¢y.
Letting ¢ = ¢; = co,
b b
—h) G
(P(t) =C —C
2 T 27
Derivation gives
b
o(t)=c- e_(TW)T —c- e_<§_7)T.
Putting pieces together and using C'(¢,T) = — 3;’;((?), we derive the expression for C'(t,T"). Similarly,
since A'(t,T) = —aC(t,T) = 2afl(t), we obtain that
a2p(t)
2a 2a
e In(T) 3 Inp(t) = A(T,T) —A(t,T).
~——— :"0

=0

A simple manipulation gives the results.



