
Exercise 6.6 (MGF for CIR process)

Consider W1, · · · ,Wd to be independent Brownian motions and let b, σ > 0. For j ∈ [1, d], define
the Ornstein Uhlenbeck SDE as below

dXj(t) = − b
2Xj(t)dt+

1
2σdWj(t)

1. Show that

Xj(t) = e−
bt
2

[
Xj(0) +

σ

2

∫ t

0
e
bu
2 dWj(u)

]
Moreover, for fixed t, it must hold that

EXj(t) = e−
bt
2 Xj(0), VarXj(t) =

σ2

4b

(
1− e−bt

)
2. Define R(t) =

∑d
j=1X

2
j (t) and let B(t) =

∑d
j=1

∫ t
0

Xj(s)√
R(s)

dWj(s). Show that B(t) is a Brow-

nian motion and

dR(t) = (a− bR(t)) dt+ σ
√
R(t)dB(t) where a =

dσ2

4
.

3. Assume that R(0) > 0 and let Xj(0) =

√
R(0)
d . Show that Xj(t) for j ∈ [1, d] are i.i.d normal

random variables. Denote µ(t) = EXj(t) and v(t) = VarXj(t).

4. Show that

E exp
(
uX2

j (t)
)
=

1√
1− 2v(t)u

exp

(
uµ2(t)

1− 2v(t)u

)
Note that

EeuR(t) = Πd
j=1Ee

uX2
j (t) =

(
EeuX

2
1 (t)

)d
.

Proof

1. Notice that

de
bt
2 Xj(t) =

b
2e

bt
2 Xj(t)dt+ e

bt
2 dXj(t)

= e
bt
2 ·

(
b
2Xj(t)dt+ dXj(t)

)
= σ

2 e
bt
2 dWj(t).

Integration from both sides concludes the first part. For fixed t,
∫ t
0 e

bu
2 dWj(u) is an Itô integral

with deterministic integrand. Moreover,

E
∫ t

0
e
bu
2 dWj(u) = 0 and Var

∫ t

0
e
bu
2 dWj(u) =

∫ t

0
ebudu =

ebt

b
·
(
1− e−bt

)
The second part immediately follows.
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2. B(t) is sum of Itô integrals and hence a martingale. Next,

dB(t) =
d∑

j=1

Xj(t)√
R(t)

dWj(t).

Since dWj(t)dWi(t) = δijdt, we have that

dB(t)dB(t) =
d∑

j=1

X2
j (t)

R(t)
= 1.

Levy’s theorem implies that B(t) is a Brownian motion. To see that CIR SDE holds note

√
R(t)dB(t) =

d∑
j=1

Xj(t)dWj(t)

Moreover,

dX2
j (t) = 2Xj(t)dXj(t) + dXj(t)dXj(t)︸ ︷︷ ︸

=σ2

4
dt

= 2Xj(t)
[
− b

2Xj(t)dt+
1
2σdWj(t)

]
+

σ2

4
dt

=

(
σ2

4
− bX2

j (t)

)
dt+ σXj(t)dWj(t)

Therefore,

(a− bR(t)) dt+ σ
√
R(t)dB(t) =

d∑
j=1

(
σ2

4
− bX2

j (t)

)
dt+ σXj(t)dWj(t)

=

d∑
j=1

dX2
j (t)

= dR(t)

3. Since Itô integral with deterministic integrands are normally distributed at any fixed time t,
Xj(t) is normally distributed. Let Mi(t) :=

2(Xi(t)−µi(t))
σ . Then Mi(0) = 0 and

dMi(t)dMj(t) =
4

σ2
dXi(t)dXj(t)

=
4

σ2

(
− b

2Xi(t)dt+
1
2σdWi(t)

)
·
(
− b

2Xj(t)dt+
1
2σdWj(t)

)
= δijdt.

Levy’s theorem implies that Mi(t) are independent Brownian motions. In particular, for each
fix t, Mi(t) and Mj(t) are independent. Since µi(t) only depends on t, Xi(t) and Xj(t) are
also independent.
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4. It suffices to show the following fact

EeuX
2
=

1√
1− 2uσ2

exp

(
µ2u

1− 2uσ2

)
for uσ2 <

1

2
where X ∼ N (µ, σ2).

Letting γ =
√
1− 2uσ2,

EeuX
2
=

1√
2πσ2

∫ +∞

−∞
euz

2− (z−µ)2

2σ2 dz

=
1√
2πσ2

∫ +∞

−∞
euz

2− (z−µ)2

2σ2 dz

=
1√
2πσ2

∫ +∞

−∞
e

2uσ2z2−(z−µ)2

2σ2 dz

=
1√
2πσ2

∫ +∞

−∞
e−

(1−2uσ2)z2+2µz−µ2

2σ2 dz

=
e

µ2

γ2
−µ2

γ

1√
2πσ2

∫ +∞

−∞
e−

w2+
2µ
γ w−µ2

γ2

2σ2 dw

=
e

µ2

σ2γ2
−µ2

σ2

γ

=
e

µ2(1−γ2)

σ2γ2

γ

=
1√

1− 2uσ2
exp

(
µ2u

1− 2uσ2

)
.

Here we used the change of variables w = γz. Since γ > 0 and z ranges from −∞ and +∞,
it follows that w also ranges from −∞ and +∞.
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