Exercise 6.8 (Kolmogrov backward equation)

Consider the following SDE
dX (u) = B(u, X (u))du + vy(u, X (uv))dW (u) where X (t) = =.

Denote by p(t,T,z,y) the transition density for the solution to this equation. In other words,
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We assume that p(¢t,T,z,y) =0 for 0 <t < T and y < 0. Show that the following PDE holds:
—pe(t, T, z,y) = B(t,2)pa(t, T, 2, y) + 37*(t, 2)paa(t, T, z, y)

Proof
Recall that the following PDE holds

g:(t, ) + B(t, 2)ga(t, 2) + 577 (t, 2)gau (t, ) = 0
We therefore have that
+o0
/ hy) [pe(t. T2, y) + Bt 2)pa(t, T, 2, y) + 37°(t, 2)pea(t, T, 2, y)] dy = 0.
0
This is equation holds for any Borel-measurable function h(y), we must have that

pe(t. Tz, y) + Bt 2)pa(t, T, z,y) + 372 (¢, 2)pea(t, T, 2, y) = 0.



