Exercise 7.9
Proof

e Note that
v(t, s, x) = sg(t,

g{w\&

A simple application of chain rule yields that
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e We need to verify that e "*v(t, S(t), X (t)) is a martingale under P. We have that

de "y = —re "odt + e "dv
Continuing,
dv = vpdt + v5dS + v,dX + Fv5,dSAS + L0,,dXAX + v dSAX
Remember, )
dS =rSdt 4+ oSdW.
Moreover,
dX = rXdt + oySdW.
Therefore,
dv = [vt + rsvg + rovg + %0'2821)35 + %0’2"}/28203535 + azszfyvsx] dt+ [ ~]dW

= [sg: + rslg — ygy] + rzgy + 10°Y*sgyy + 3077’ sgyy — 0P ysygyy| dt + [+ ]dW
= |sge +7slg —yg,) +7_x_ gy + 10759y, (7 + 4% —2y7]| dt + [---]dW
=sy

= |s + 152 —V?2| +7r s dt +[--]dW
gt + 3 %y(@/ 7) g []

=0 by Vecer Thm =v

= rodt + [---|dW.




In conclusion, )
de "y = [---|dW(¢).

t

Hence, e™™wv is a martingale under P.

Note that e "v(t, s, r) is a martingale under P.

Continuing,
dv = sdg + gds + dsdg.

Recall that . .
ds =rsdt + osdW, dg=o(y— y)gydWS.

Here dW*° — dW = odt. Therefore,

dv = sdg + gds + dsdg
= s0(y = y)gydW — o®s(y — y)g,dt
+ grsdt + gosdW
+0%s(y — y)gydt
=rvdt + so [(v —y)gy + 9] dw
Thus,

de "' = 7" [dv — rodt]

—e "t [rvdt +so (v —y)gy + 9] dW

Denote the hedging portfolio’s value by M(t). So
dM(t) = A(t)dS(t) + r(M(t) — A(t)S(t))dt = rM(t)dt + o A(t)S(t)dW (t)
Thus,
de ™" M(t) = e " (AM (t) — rM(t)dt) = e "o A(t)S(t)dW ()

‘We need to have
de ™ "'M = de v

‘Which holds iff } )
oAsdW = so [(v — y)gy + g| dW

Thus, it suffices to let

(t) =Y (£)gy(t, Y (1)) + g(t, Y (2))

() +g(t,Y(t)) = Y(t)gy(t,Y(t))
=vs(t,5(t),Y (1))

= (v (£, S(), X (1)) + vs(t, S(¢), X (1))
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