Exercise 8.7

Suppose that f(x) and g(x) are convex functions. Show that
h(z) := max{f(x), g(z)}

is also convex.

Proof

Let z1,x2 and X € [0, 1]. We have that

Amax{f(z1), g(z1)} +(1 = A) max{f(z2),g(x2)} > Af(21) + (1 = M) f(x2)
> f(z1) > f(x2)

= f(Az1+ (1= A)w2)
Similarly

Amax{f(z1), g(z1)} +(1 — A) max{f(z2), g(x2)} = Ag(x1) + (1 — A)g(x2)

>g(x1) >g(x2)

> g(Ax1 + (1 — N)z2)
Thus,

Amax{f(z1),g(z1)} + (1 — \) max{f(22), g(z2)} > max{f(Az1 + (1 — N)x2), g(Az1 + (1 — A)x2)}
=h(Az1 + (1 = Nz2)

In other words,
A(z1) + (1 — Nh(x2) > h(Axy + (1 — N)x9).

h is therefore convex.



