
Exercise 9.3 (Change in volatility caused by change in numéraire)

Proof

We have that
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]
Continuing,
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−ρσνdt− (r − ν2)Sdt− νdW̃3 + rdt+ σdW̃1

]
=

S

N
·
[
(· · · )dt+

(
σdW̃1 − νdW̃3

)]
Denote by

W̃4 =
σ

γ
W̃1 −

ν

γ
W̃3

where γ =
√
σ2 − 2ρσν + ν2. We have that
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γ2
+
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γ2
− 2ρσν
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)
dt = dt.

Thus, W̃4 is a Brownian motion. Moreover,
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]
Define

W̃2 =
1√

1− ρ2
W̃3 −

ρ√
1− ρ2

W̃1

Then

dW̃2dW̃2 =

(
1

1− ρ2
+

ρ2

1− ρ2
− 2ρdW̃3dW̃1

1− ρ2

)
dt =

(
1− ρ2

1− ρ2

)
dt = dt.

Moreover,

dW̃1dW̃2 =
1√

1− ρ2
dW̃1dW̃3 −

ρ√
1− ρ2

dW̃1dW̃1 =
ρ√

1− ρ2
dt− ρ√

1− ρ2
dt = 0.

Therefore, W̃2 is a Brownian motion independent of W̃1. See also Exercise 4.13 (Decomposition of
correlated Brownian motions into independent Brownian motions).
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We next compute the volatility vector of S(N)(t). Note that

dDS = −rDSdt+DdS

= −rDSdt+ rDSdt+ σDSdW̃1

= σDSdW̃1

= DS
[
σdW̃1 + 0dW̃2

]
Similarly,

dDN = νDNdW̃3

= DN
[
νρdW̃1 + ν

√
1− ρ2dW̃2

]
Volatility vectors of DS and DN are (σ, 0) and (νρ, ν

√
1− ρ2) resp. Theorem 9.2.2 gives

dS(N) = S(N)

(σ − νρ︸ ︷︷ ︸
:=ν1

)dW̃
(N)
1 −ν

√
1− ρ2︸ ︷︷ ︸

:=ν2

dW̃
(N)
2


Thus,

ν21 + ν22 = (σ − νρ)2 + ν2(1− ρ2)

= σ2 + ν2ρ2 − 2ρσν + ν2 − ν2ρ2

= σ2 − 2ρσν + ν2.

Note that volatility of S(N) was determined earlier to be γ. On the other hands,
√
ν21 + ν22 is also

equal to volatility of S(N). Therefore,
√
ν21 + ν22 = γ.
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