
Exercise 9.4

Use the following equations

dM(t) = R(t)M(t)dt

dS(t) = S(t)
[
R(t)dt+ σ1(t)dW̃1(t)

]
dMf (t)Q(t) = Mf (t)Q(t)

[
R(t)dt+ σ2(t)dW̃3(t)

]
To prove

d

(
M(t)Df (t)

Q(t)

)
= −M(t)Df (t)

Q(t)
σ2(t)dW̃

f
3 (t)

d

(
Df (t)S(t)

Q(t)

)
=

S(t)Df (t)

Q(t)

[
σ1(t)dW̃

f
1 (t)− σ2(t)dW̃

f
3 (t)

]
Here

W̃ f
1 (t) = −

∫ t

0
σ2(u)ρ(u)du+ W̃1(u)

W̃ f
2 (t) = −

∫ t

0
σ2(u)

√
1− ρ(u)2du+ W̃2(u)

W̃ f
3 (t) = −

∫ t

0
σ2(u)du+ W̃3(u)

And
(
W̃1(t), W̃2(t)

)
and

(
W̃ f

1 (t), W̃
f
2 (t)

)
are independent Brownian motions. Therefore

dW1(t)dW3(t) = ρ(t)dt

dW2(t)dW3(t) =
√
1− ρ(t)2dt

dW̃ f
1 (t)dW̃

f
3 (t) = ρ(t)dt

dW̃ f
2 (t)dW̃

f
3 (t) =

√
1− ρ(t)2dt

Proof

Let X = Mf (t)Q(t). Then dX = X[· · · ]. We have that

dX−1 = −X−2dX +X−3dXdX

= −X−1
[
[· · · ]− σ2

2(t)dt
]

= −X−1
[
R(t)dt+ σ2(t)dW̃3(t)− σ2

2(t)dt
]

= −X−1
[(
R(t)− σ2

2(t)
)
dt+ σ2(t)dW̃3(t)dt

]
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Therefore,

d

(
M(t)Df (t)

Q(t)

)
= dX−1dM(t) +M(t)dX−1 +X−1dM(t)

= M(t)dX−1 +X−1dM(t)

= −M(t)

X

[(
R(t) + σ2

2(t)
)
dt+ σ2(t)dW̃3(t)dt

]
+

M(t)

X
R(t)dt

= −M(t)

X

[
−σ2

2(t)dt+ σ2(t)dW̃3(t)dt
]

= −M(t)

X
σ2(t)

[
−σ2(t)dt+ dW̃3(t)dt

]
= −M(t)Df (t)

Q(t)
· σ2(t)dW̃ f

3 (t)

Next,

d

(
Df (t)S(t)

Q(t)

)
= d

(
S(t)

X

)
= X−1dS(t) + S(t)dX−1 + dX−1dS(t)

=
S(t)

X

[
R(t)dt− ρ(t)σ1(t)σ2(t)dt+ σ1(t)dW̃1(t)

]
− S(t)

X

[(
R(t)− σ2

2(t)
)
dt+ σ2(t)dW̃3(t)

]
=

S(t)

X

[
σ1(t)dW̃1(t)− ρ(t)σ1(t)σ2(t) + σ2

2(t)dt− σ2(t)dW̃3(t)
]

=
S(t)

X

[
σ1(t)

(
dW̃1(t)− ρ(t)σ2(t)

)
− σ2(t)

(
−σ2(t)dt+ dW̃3(t)

)]
=

S(t)

X

[
σ1(t)dW̃

f
1 (t)− σ2(t)dW̃

f
3 (t)

]
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