Exercise 9.4

Use the following equations
dM(t) = R(t)M(t)dt
ds(t) = S(t) [R(t)dt + oy (t)dW; (t)]

M (1Q(E) = M (£)Q(t) [R(E)t + oo (t)dWi(1)|

To prove
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W) = = [ oafu)pla)du+ Wi (w)
W () = — /0 o () /T = pludu + Wa(u)

W (1) = — /0 oo ()l + Wi (1)

And (Wl (t),ﬁ@(t)) and (Wlf (t),VNVQf (t)) are independent Brownian motions. Therefore

AW, (t)dWs(t) = p(t)dt
AW, (H)dWs(t) = /1 — p(t)2dt
AWy ()W (1) = p(t)dt
AW ()W (1) = /1= p(1)2dt

Proof
Let X = M/(t)Q(t). Then dX = X|---]. We have that

dX ' = - X 24X + X 3dXdX
— _x1 [[ ] = o‘%(t)dt]
= X' [R()dt + op(1)AWs(1) — o3 (t)at]

=_—x1! [(R(t) —o3(t)) dt + Ug(t)sz;(t)dt}



Therefore,
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= M(t)dX '+ X 1dM(t)

Next,
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MT(t)m(t) [—0—2(t)dt + dwg(t)dt]
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[R(t)dt — p(t)o1(t)oa(t)dt + oy (£)dTT; (t)]

[(R(t) —o2(t)) dt + Gg(t)dVVg(t)}

:01 (AW () — p(t)o1 (B)oa(t) + o2(t)dt — ag(t)dﬁ/'g(t)}
:al(t) <dI7V1(t) - p(t)UQ(t)> — oo(t) <70—2(t)dt + dﬁfg(t))}

:01 (AW (1) — oo (t)dWd (t)]




